We explore the physical properties of a unified microscopic theory for the coexistence of superconductivity and charge-density waves ͑CDWs͒ in two-dimensional transition-metal dichalcogenides. In the case of particlehole symmetry, the elementary particles are Dirac fermions at the nodes of the charge density wave gap. When particle-hole symmetry is broken, electron ͑hole͒ pockets are formed around the Fermi surface. The superconducting ground state emerges from the pairing of nodal quasiparticles mediated by acoustic phonons via a piezoelectric coupling. We calculate several properties in the s-wave superconducting phase, including specific heat, ultrasound absorption, nuclear magnetic relaxation ͑NMR͒, and thermal and optical conductivities. In the case with particle-hole symmetry, the specific-heat jump at the transition deviates strongly from ordinary superconductors. The NMR response shows an anomalous anisotropy due to the broken time-reversal symmetry of the superconducting gap, induced by the triple CDW state. The loss of the lattice inversion center in the CDW phase leads to anomalous coherence factors in the optical conductivity and to the appearance of an absorption edge at the optical gap energy. In addition, optical and thermal conductivities display anomalous peaks in the infrared when particle-hole symmetry is broken.
I. INTRODUCTION
The quasi-two-dimensional ͑2D͒ transition-metal dichalcogenides ͑TMD͒ 2H-TaSe 2 , 2H-TaS 2 , and 2H-NbSe 2 are layered compounds where s-wave superconductivity coexists with a charge-density wave ͑CDW͒ 1,2 at low temperatures, and whose transport properties are highly anisotropic in the high temperature CDW phase. 3 There is vast literature reporting anomalous effects in the CDW phase, including nonlinear Hall effect, anomalous impurity effects in the superconducting ͑SC͒ phase, 4 stripe phases, 5 and different regimes of commensurability. 6 Recent angle-resolved photoemission experiments ͑ARPES͒ reveal that the quasiparticles of the TaSe 2 crystal have a non-Fermi-liquid lifetime. 7 This scenario becomes a little more exciting with the verification that some of the TMD properties, such as the linear growth of the normal resistivity with temperature, 3 and the strong anisotropy in the in-plane and out-of-plane transport are similar to the same properties in the high-temperature superconductors ͑HTc͒. HTc do not show a CDW gap, but a d-wave pseudogap coexisting with the superconducting phase. In both cases, the transport and thermodynamic properties are weakly dependent on the application of external fields in the normal/pseudogap phase, and strongly dependent on them in the SC phase. 8 Furthermore, the application of pressure in TMD favors the superconductivity in a broad range and suppresses the CDW phase, 9 in close analogy with the HTc phase diagram temperature vs doping level. In contrast to the HTc, however, the TMD are very clean crystals. The anomalous TMD properties are sample independent and can help to clarify the physics behind a whole class of exotic lowdimensional superconductors.
The interpretation of the experimental data in TMD is, however, still very controversial. Within the Peierls theory, the CDW gap formation in 1D systems is usually due to nested Fermi surfaces. In 2D systems, the nesting is not perfect and some parts of the Fermi surface may not be gaped. Earyly band structure calculations 10 indicated that the ⌫ centered sheets ͑S I ͒ are nested with the K centered ones ͑S II ͒ by the Q i ͑i =1,2,3͒ wave vectors of the triple-CDW ͑see Fig.  1͒ . The value of the CDW wave-vector, ͉Q i ͉ϳ 1 3 ⌫K, measured by neutron diffraction 11, 12 and some recent scanningtunneling microscopy ͑STM͒ experiments [13] [14] [15] confirm the plausibility of a nesting scenario. An alternative theory proposed by Rice and Scott 16 is based in a Fermi-surfaceindependent CDW mechanism, where the CDW wave vectors connect the saddle points ͑indicated in Fig. 1 , around 1 2 ⌫K͒ of the transition metal d bands, generating a logarithmic divergence in the electronic susceptibility. However, the saddle-point energy in NbSe 2 is too large ͑ϳ50 meV͒ in comparison to the CDW ordering thermal energy k B T CDW ϳ 3 meV to allow a saddle-point driven instability. 17 In TaSe 2 , however, ARPES has observed an extended saddle band along ⌫K. This band is nearly flat and closer to the Fermi energy than the band calculations predicted. 18, 19 As the saddle points are not well defined in this case, it is questionable to justify the CDW wave-vector measured with neutrons by some mechanism related to special parts of the saddle bands. More experimental studies are required to elucidate this point.
Although these arguments seem to rule out at least a conventional saddle-point mechanism, a consensus on the origin of the CDW instability has not been reached. STM scans at 4.2 K in TaSe 2 , TaS 2 , and NbSe 2 show that the amplitude of the CDW gap is ⌬ CDW ϳ 80, 50, and 34 meV, respectively. 20 The ability of ARPES to measure the SC gap ⌬ s ϳ 1 meV Ӷ⌬ CDW in NbSe 2 , combined with the complete failure of ARPES to detect traces of the CDW gap in the Brillouin zone of TaSe 2 and NbSe 2 ͑Refs. 7 and 21͒ were interpreted as an evidence that the Fermi surface is weakly covered by the CDW. We observe that the photoemission results seem to be in contradiction with the STM data, and cannot explain the non-Fermi-liquid transport in the TaSe 2 crystal. One possibility is that the ARPES data are obscured by the strong dependence of the CDW gap with the directions of the Brillouin zone combined with the formation of pockets in the points of the Fermi surface where ⌬ c ͑k͒ =0 ͑max͓⌬ c ͑k͔͒ = ⌬ CDW ͒. Another possibility is that the ARPES electronic dipole matrix elements vanish for certain states in the CDW phase due to the broken spacial inversion symmetry ͑de-tected in neutron scattering͒ 12 forbidding the observation of some bands.
The strong resemblance of the normal CDW phase resistivity of TaSe 2 with the HTc 22 and the anomalous quasiparticle lifetime decay, given by the inverse of the imaginary part of the electronic self-energy 7 Im ⌺͑k F , ͒ ϰ 0 −1 + b͉͉, indicates that a marginal Fermi liquid ͑MFL͒ theory 23 should be developed as the basis of a minimal model unifying the CDW and SC phases in TaSe 2 . The experimental verification that k B T CDW Ӷ⌬ CDW for all the TMD crystals ͑in TaSe 2 for example, k B T CDW ϳ 120 K = 12 meV͒ gives a good indication that a strong-coupling CDW theory is required. One of us ͑A.H.C.N.͒ 24 has recently proposed a unified picture for the CDW and SC phases where the elementary particles are Dirac fermions that are created in the region where the CDW gap vanishes, leading to the generation of a nodal liquid. According to neutron-diffraction studies, the inversion center of the crystal is lost in the CDW phase, 12 allowing for the possibility of piezoelectric effects.In a system with nodal quasiparticles, the piezoelectric coupling is a marginal coupling from the renormalization group ͑RG͒ point of view, while the usual electron-phonon coupling is irrelevant under the RG. 25 Based on a tight-binding description of the electronic orbitals, 26 and on the assumption of imperfect nesting between different Fermi surface sheets, the model of Ref. 24 proposes a f-wave symmetry CDW gap with lobes along the saddle-point directions and six nodes at the points where the gap is zero ͑see Fig. 1͒ . The proposed CDW gap is odd in the Brillouin zone due to the symmetry of the electron-phonon coupling, 24 and due to the absence of the inversion symmetry in the CDW phase, changing sign in each node. The superconductivity emerges from Cooper pairing between the Dirac fermions mediated by acoustic phonons via a piezoelectric coupling. We propose that the Fermi surface is fully gaped by the superposition of the CDW and the s-wave superconducting order parameters. This model is able to correctly explain some of the anomalous properties of the TMD such as the marginal quasiparticles lifetime in TaSe 2 , the dependence of the normal-SC phase transition with the lattice parameters and the metallic behavior of the resistivity in the CDW phase. 24 The geometry of the proposed CDW gap is similar to the Brillouin zone of graphite, where the nodes represent the points where the conduction and valence bands cross each other. 27 In contrast to graphite, the lattice inversion symmetry is broken in the distorted phase and piezoelectricity can arise. As it is usually observed in insulators since metals screen the polarization fields, one may ask, "is it actually possible to find piezoelectricity in a superconductor?" To answer this question, we should first consider that in a nodal liquid the density of states ͑DOS͒ goes to zero in the nodes, and therefore the electrons cannot effectively screen electric fields. Hence, one can conciliate a metallic theory ͑with gapless quasiparticle excitations͒ with the piezoelectricity. The rigorous vanishing of the DOS in the Fermi surface, however, is not essential for the piezoelectricity to appear. It is sufficient to consider that the electrons of low-lying momentum ͑for example, in a small pocket around the nodes͒ are "slow" enough to couple with the acoustic phonons of the polarized lattice.
If the piezoelectricity and the metallic character are not mutually excluding, it remains a question of how the polarization vector affects the phase coherence of the condensate. The answer to this second question can be found in the collective modes. The electromagnetic gauge invariance of the SC state is provided by the longitudinal response of the collective excitations, which screen the electrons through a cloud of virtual plasmons. 28 Only the plasmons respond to the longitudinal fields, and give rise to screening. Since the piezoelectricity involves electric fields only, it does not affect the phase coherence of the electrons. In a previous work, 29 we have shown by means of a semiclassical calculation that that piezoelectricity is not only consistent with the stability of the condensate as it is possibly behind the quantum critical points ͑QCPs͒ observed experimentally in the TaSe 2 phase diagram, separating the T = 0 commensurate phases from the stripe phase as a function of the applied pressure.
The organization of the paper is as follows. In Sec. II we introduce the minimal model Hamiltonian of theCDW and SC phase. In Sec. III we derive the SC gap equation. Section IV is devoted to the thermodynamics of the SC phase, while in Sec. V we calculate the acoustic attenuation rate and the nuclear magnetic relaxation ͑NMR͒ response. In Sec. VI we calculate the optical and thermal conductivities, in Sec. VII we discuss the Meissner effect. Finally, in Sec. VIII we present our conclusions.
II. THE HAMILTONIAN
The nodal system is composed of two subsystems defined by the nodes of the CDW state which are connected by the triple-CDW wave vectors Q i ͑i =1,2,3͒. It is convenient to introduce the spinors
where ⌬ ck is the CDW gap, with odd parity in the nodal space due to the loss of the lattice inversion symmetry. This term arises from the scattering of the electronic wave function by the CDW periodic superstructure.
Applying the nesting condition ⑀ k + ⑀ k+Q =0 ͑see Fig. 2͒ in Eq. ͑1͒, and taking the long-wavelength, low-energy limit, the Hamiltonian in the CDW phase reads,
where k Ќ and k ʈ are the momentum components in the normal and parallel directions to the Fermi surface, respectively, v F is the Fermi surface velocity, and v ⌬ = ‫⌬ץ‬ c / ‫ץ‬k ʈ . The CDW elementary excitations around the nodes are therefore fermions which follow the 2D massless Dirac Hamiltonian, similarly to the two-band electronic description of graphite. 27 The broken lattice inversion symmetry due to the CDW gap allows piezoelectricity in the crystal. We propose that the electron-phonon coupling is piezoelectric, giving rise to a pairing of Dirac fermions in the singlet state through the triple-CDW superstructure. In contrast to the usual Cooper pairs, whose electrons are paired across the Fermi surface, these pairs are formed by electrons located in different nodes linked by a CDW wave vector Q i ͑see Fig. 1͒ . The pairing approximation consists of assuming a condensate of pairs whose center-of-mass has momentum Q i and zero spin. This assumption clearly violates the time-reversal symmetry of the superconductor order parameter ⌬ s . According to Anderson, 30 the strong insensibility of the BCS superconductors to impurities is due to the tendency of electrons to be in the state of highest possible degeneracy in the condensate, implying pairing each electron with its symmetric in spin and momentum. In such a case, the scattering channels promote transitions between two degenerated states, keeping the system coherent. The absence of time-reversal symmetry should destroy the condensate in the presence of a very small impurity concentration. 31 In the case of TMD, however, the CDW scattering does not affect the degeneracy of the condensate as far as the Dirac fermions ⌿ i living in different nodal subspaces indexed by the three CDW directions i =1,2,3 remain decoupled. For this reason, we may drop the i index from now on.
After tracing the phonons, the piezoelectric pair interaction has the form 24
where g is the piezoelectric coupling constant. 
where
is the complex superconductor order parameter. So far, we have discussed the problem with particle-hole symmetry, that is, the chemical potential is exactly at the Dirac point ͑ =0͒. In order to include the situation where particle-hole symmetry is broken, we have added to Eq. ͑3͒ a chemical potential term
This term introduces an electronic ͑ Ͼ 0͒ or hole ͑ Ͻ 0͒ pocket around the Dirac point producing a finite density of states.
In order to diagonalize the problem, it is convenient to extend the spinorial notation to the Nambu space
with k defined with respect to the nodes. We introduce a new set of Pauli matrices which operates in the space ͑↑k , ↓ −k͒. Denoting as the tensor product between the Nambu and nodal spaces, it is not difficult to see that the full Hamiltonian is written as
͑8͒
Notice that the gauge symmetry of the problem → e i , and ⌬ s e 2i → ⌬ s is broken at the mean-field level. With this notation, the SC order parameter is given by
͑9͒
The diagonalization of the Hamiltonian above leads to four branches of excitations
where k = k ជ Ќ + ͑v ⌬ / v F ͒k ជ ʈ is the in-plane anisotropic momentum, with k ϵ͉k ͉. In the normal phase, we identify two branches of excitations ͑we assume Ͼ 0͒:
which are related to holelike and particlelike pockets around the CDW nodes ͑for Ͻ 0, the nomenclature is exchanged͒. The two branches are physically equivalent to each other, 
III. GAP EQUATION
To calculate the gap self-consistently, we use the standard many-body Green's function method. Since the Hamiltonian ͑8͒ is in the quadratic form H = ͚ k ⌿ † J⌿, its corresponding Green function in 4 ϫ 4 space is
where T is the time-ordering operator in imaginary time, n are the fermionic Matsubara frequencies, ␤ =1/͑k B T͒ is the inverse of temperature, k B is the Boltzmann constant, and
ploring the anticommutative property of the Pauli matrices, the Green function which is systematically used in our calculation is
Noting that ͗⌿ ␣ † ͑k͒⌿ ␤ ͑k͒͘ is the retarded part of the Green function G ␤␣ ͑k , → 0 − ͒, we see from Eq. ͑9͒ that the amplitude of the mean-field gap is written in the Nambu spinorial notation as 
Evaluating the trace yields
where ⌳ is a momentum cutoff associated with the linearization of the dispersion close to the CDW nodes. For = 0, the gap equation is rather simple and reads
where g c =2v ⌬ / ⌳ is the zero-temperature critical coupling constant. In fact,
Notice that for g Ͻ g c we find
Hence, the = 0 gap equation has a quantum critical point ͑QCP͒, indicating that superconductivity occurs only above a minimal coupling g c . This is a general property of the nodal liquid, due to the absence of the background Fermi sea. In a Fermi liquid ͑where the Fermi surface is large in comparison to all other energy scales͒, the Fermi sea is unstable to the formation of Cooper pairs between two electrons mediated by an attractive potential, even for infinitesimal coupling. 32 In this case, the Pauli exclusion principle of the background electrons plays the role of the interaction, making the condensate stable even in the weak coupling limit. 33 The zero temperature gap ͑15͒ equals the energy cutoff ␣ = v F ⌳ in the g → ϱ limit.
A. Zero-temperature analysis
To see how the pocket affects the QCP when g = g c we analyze the gap equation in the zero-temperature limit. At this point, we introduce a more suitable cutoff, given by the momenta s ± that define the surfaces of constant energy in the Dirac cone
This new definition of the cutoff ͑basically replacing ⌳ by s , with =±͒ is convenient because it simplifies the integration, allowing us to find simple analytical expressions for the gap. This kind of approximation is fairly reasonable, since the results of this model are not to be taken literally when and ⌬ s are comparable to the energy cutoff of the cone ␣, in which case the contribution of the high-energy states cannot be neglected. On the other hand, we should be warned by the fact that this new momentum cutoff s does not conserve the number of states of the normal phase. When calculating thermodynamic functions, the correct cutoff is ⌳, which correctly maps the volume of the Dirac cone and avoids problems such as losing states in the SC phase, which would certainly have an effect in the condensation energy. For almost all the applications, the results are not seriously affected by the details of the cutoff if the gap ⌬ s is sufficiently small in comparison to ␣. The T = 0 gap equation becomes
ͪͬ .
͑17͒
We rescale all the quantities by defining x = ⌬ s / ͉͉ and
͉͉ .
The T = 0 scale invariant equation is
͑18͒
We see in Fig. 4 that Eq. ͑18͒ has two distinct coupling regimes ͑i͒ the strong-coupling sector g Ͼ g c , where the marginal physics develops, with ͉͉ Ӷ⌬ s ͑0,g , ͒ for g ӷ g c ͑strong-coupling limit͒ and ͑ii͒ the weak-coupling sector g Ͻ g c , where the energy scale of the pocket is large in comparison to the gap ͓i.e., ͉͉ ӷ⌬ s ͑0,g , ͔͒ when g / g c → 0. In the latter, the system flows in the direction of a Fermi liquid in the weak-coupling limit ͑g Ӷ g c ͒, while in the former the nodes are well defined for g Ͼ g c , resulting in a nodal liquid description. We notice that the quasiparticle properties are strongly affected by the coupling constant g, which separates the marginal Fermi liquid ͑MFL͒ sector from the "Fermi-liquid" one, where the pocket plays the role of the Fermi surface, raising the density of states in the nodes.
For convenience, we denote the zero-temperature gap ⌬ s ͑0,g , ͒ by ⌬ 0 from now on. In the strong-coupling limit ͉͉͑ / ⌬ 0 Ӷ 1͒, we may write Eq. ͑17͒ as 
whose solution is
where ⌬ 0 ϵ ⌬͑T =0,g , =0͒ is given by Eq. ͑15͒. In the opposite limit ⌬ 0 / ͉͉ Ӷ 1 in the weak-coupling sector, we see that Eq. ͑18͒ can be expanded in leading order in x, giving
͑20͒
Although the strong-coupling approximation is rigorously valid for g ӷ g c and the weak-coupling one for g Ӷ g c , these two approximations are remarkably good in almost the entire coupling range of their respective sectors ͑as shown in Fig.  5͒ provided that / ␣ is small. However, to find sensible results, one should consider that the valid coupling range of the theory is limited not too far above the critical coupling g c , in order to keep the ratio ⌬ 0 / ␣ small ͑see Fig. 5͒ .
B. Finite temperature
Let us return to Eq. ͑13͒. After some algebraic manipulation ͑see the details in Appendix A͒, the gap equation in the strong-coupling regime assumes the form cosh͑␤⌬ s /2͒e
The quantity tanh͓␤⌬ s /2͔ / ⌬ s changes very little with ␤ in the whole temperature interval. In a first approximation, we can obtain the analytical expression of the low-temperature gap by replacing the gap inside the exponential above by its zero-temperature value ⌬ 0 . This substitution leads to:
valid at strong coupling for small / ␣. Close to the phase transition, Eq. ͑13͒ yields 
where t ϵ͑T c − T͒ / T c is the reduced temperature and is the Zeta function. The critical temperature is also calculated from the gap Eq. ͑13͒ in the ⌬ s → 0 limit, giving
where ln ␥ ϳ 0.577 is the Euler constant. In the particle-hole symmetric case ͑ =0͒, we have T c = ⌬ 0 / ͑k B ln 4͒ and ⌬ s ͑T → T c , g ,0͒ =2⌬ 0 t 1/2 /ln 2 ͑see Appendix A for details͒. We see that the existence of a pocket suppresses the QCP ͑T =0͒ separating the normal and SC phases ͑see Fig. 5͒ . This effect is due to the establishment of the background Fermi sea, which stabilizes the Cooper pairs for an arbitrarily small coupling. The thermal effect on the gap recovers the parametric phase transition with the coupling constant g, as displayed in Fig. 6 ͑top͒ by noting the presence of a minimal coupling ͓say, g 0 ͑T , ͒, with g 0 ͑0,0͒ = g c ͔, below which ⌬ s ͑g Ͻ g 0 , ͒ = 0. The explanation can be found in the strong dependence of the critical temperature T c with g, as shown in Fig. 6 ͑bottom͒. At a given nonzero temperature T, a minimal coupling is required to satisfy T c ͑g Ͼ g 0 ͒ Ͼ T.
IV. THERMODYNAMICS
In this section, we calculate the thermodynamic functions starting from the partition function Z of the nodal fermions. The partition function is defined as usual from the original Hamiltonian ͑8͒, written in a diagonal basis of eigenstates indexed by k, ␥ = ±1 ͑for the two particle-hole branches͒, = ± 1, and with eigenvalues E k a = ±E k, ,
where ⍀ is the thermodynamic potential. The Hamiltonian includes the term ⌬ s 2 / g, in order to give the correct condensation energy. The thermodynamic potential ⍀ = ⍀ 0 + ⌬ s 2 / g is given by
͑24͒
If ⍀ n is the thermodynamic potential in the normal phase, the energy of condensation
is given in terms of the zero-temperature critical field H c , shown in Fig. 7 . The internal energy E = E 0 + ⌬ s 2 / g is given by
According to the usual thermodynamic relations, the specific heat is defined by
where S = ͑E − ⍀͒ / T =−͑‫ץ‬⍀ / ‫ץ‬T͒ V is the electronic entropy due to the Dirac fermions. At low temperature, the gap is practically independent of temperature. It is easy to check that the specific-heat dependence with temperature in this limit for = 0 is given by: heat in the normal-SC phase transition. The calculation is given in Appendix B for the weak-and strong-coupling regimes. It results in two well defined limits: the marginal one
where the equality holds for = 0, and the Fermi-liquid limit
which recovers the BCS result for ␤ c ͉͉ ӷ 1. The jump observed in the NbSe 2 crystal 34-36 ͑⌬C / C n ϳ 2͒ is a good indication in favor of a conventional Fermi liquid and BCS behavior. In TaSe 2 , however, where the transport is marginal and the quasiparticles are not well defined in the Landau sense 37 ͑ Ͻ 1, where −1 is the scattering rate͒, the picture can be very different. In the nodal liquid case, the specificheat jump is strongly attenuated due to the vanishing density of states ͑DOS͒ in the Fermi surface, resulting in the universal constant ⌬C V / C n = 0.35. The plot of the specific heat displayed in Fig. 8 shows that the temperature dependence of the normal CDW phase is quadratic. As the DOS is raised by a pocket around the nodes, the jump grows in the direction of the BCS value of 1.43, which corresponds to the weakcoupling limit. However, we notice that the nodes cease to be well defined in the presence of large pockets. In this case, the pairing ansatz adopted in Sec. II and the role of piezoelectricity in the electron-phonon coupling are questionable.
V. COHERENCE FACTOR EFFECTS
In this section we calculate two basic properties of the superconductor: the acoustic attenuation and the nuclearspin-relaxation rate in the absence of impurities.
A. Acoustic attenuation
The ultrasound attenuation results from the resonant absorption of the longitudinal phonons in the solid. 38 The absorption rate is proportional to the imaginary part of the charge susceptibility 39
in the q → 0 limit, since the phonon wavelength is much larger than the typical electronic wavelength. This property is connected to the superconductor coherence factors, which basically define the probability amplitude of quasiparticle transitions between two states represented by the pairs space ͑k ↑ ,−k ↓ ͒. 33, 38 These factors conserve the time reversal symmetries of the interaction involved in the transition. They are usually divided into type I, for interactions which preserve the time-reversal symmetry ͑as in the electron-phonon coupling͒ and type II when this symmetry is broken, as in the spin-exchange interaction. The charge susceptibility is defined in terms of the time-ordered charge-density correlation function. All the correlation functions used in this article are defined in Appendix C. Using the spinor defined in ͑7͒ the charge-density operator is given by
͑30͒
It is convenient to define the gapless Dirac fermions dispersion by ⑀ k = v F k, and the quantity ⑀ 0 = ͱ v F 2 ͑k 2 + q 2 / 4͒. After evaluating the trace and the sum over the fermionic Matsubara frequencies, the imaginary part of the susceptibility reads:
where E 0 = ͱ ͑⑀ 0 + ͒ 2 + ⌬ s 2 , and n is the Fermi-Dirac distribution. Replacing Eq. ͑31͒ into Eq. ͑28͒, we obtain the ultrasound attenuation rate
The temperature dependence is displayed in Fig. 9 and shows a power-law behavior near the phase transition. This result is compared with the BCS curve ␣ s / ␣ n =2/͑e ␤⌬ s +1͒. 
B. NMR relaxation
The NMR relaxation has its origin on the hyperfine interaction between the nuclear spins and the electrons. The relaxation rate measures the nuclear-spin time variation along an arbitrary direction of the spin space, say b . The condensate exhibits no paramagnetism in the singlet channel, where the total spin of the pairs is zero. Since the Zeeman and hyperfine energies are usually small in comparison to the gap, the only processes that contribute to the spin relaxation are thermally excited quasiparticles. The inverse of the spin relaxation is proportional to the local magnetic susceptibility projected along b ,
where b s ͑͒ is given in terms of the normal directions of the spin space by
representing the x , y , z directions, respectively ͑see Appendix C͒.
Before defining the spin-density operator, we must introduce the spin degrees of freedom in the spinor representation, Eq. ͑7͒. This is naturally done in the Balian-Werthamer ͑BW͒ space
which contains an additional spin subspace
inside the regular Nambu space, ͑↑k , ↓ −k͒. We have defined a new set of Pauli matrices = ͑ 0 , ជ ͒ which operates in this new space. The general spin-density operator is
where i =1,2,3 are the spin directions, k is summed in the half Brillouin zone, and , Ј = ↑↓ are the spin indexes. It is not difficult to check that the Hamiltonian ͑8͒ written in the BW space is given by ͑see Appendix D͒ This property is better illustrated in the = 0 case, where
with ⑀ ជ k ϵ v F k and the indexes ± representing the momentum ± → k ± q / 2. Notice the sign difference in front of ⌬ s 2 between the zz and the other two components. This gives rise to an axial anisotropy in the z direction of the spin space. This anisotropy is a consequence of the broken time-reversal symmetry induced by the finite momentum of the pairs Q i , which defines the CDW wave vectors. This broken symmetry is reflected in the appearance of the spin structure oriented in the z direction of the spin space ͑indicated by the 3 matrix͒ in the pairing term of the BW Hamiltonian ͑35͒. Therefore, we conclude that the z direction of the spin space corre- sponds to the CDW direction Q i in the k space, since it is the only rotational symmetry broken in the crystal. The calculation of the imaginary part of the zz s susceptibility reads
, and ⑀ 0 , E 0 follow the definitions of the previous subsection. The xx,yy s can be obtained from the substitution of Eq. ͑31͒ into Eq. ͑37͒. Noting that xy s = xz s = yz s =0, the contribution of each CDW wavevector Q j ͑j =1,2,3͒ to the NMR relaxation rate along a given direction b gives
In Fig. 10 we distinguish the two principal directions, for in-plane b vectors and out-of-plane ones directed along the normal c-axis. A small Hebel-Slichter peak is formed for finite , but no peak is observed for =0.
The zz component of the susceptibility carries coherence factors with the symmetry of the spin interactions ͑i.e., they are odd by interchanging k → −k͒, while the xx and yy components are analogous to the charge susceptibility ͓see Eq.
͑37͔͒. This is easily understood by a qualitative argument with the aid of Eq. ͑39͒. Consider the CDW direction Q 1 for the moment. The Q 1 direction ͑or, equivalently, the b = ẑ direction for the spin, according to our previous discussion͒ affects the electronic spin correlations in the normal directions to Q 1 , meaning the xy plane. The NMR direction b = ẑ is affected by the susceptibility components xx and yy but not by the zz one ͓see Eq. ͑39͔͒. The CDW introduces an additional time-reversal broken symmetry to the spin correlations in the Q 1 ͑xy͒ plane, explaining why the related coherence factors have the same symmetry of the charge interactions. On the other hand, the planes which are normal to the Q 1 plane are affected by the zz component, which conserves the odd symmetry of the spin interactions. In summary, the NMR relaxation in the b = Q 1 direction ͑in k space͒ is therefore associated to a chargelike symmetry, as in the phonon attenuation response, while the NMR directions which are normal to Q 1 have a mixed symmetry and exhibit a more intense response. The same analysis applies to the Q 2,3 vectors separately. The NMR pattern in k space for the SC planes results from the superposition of the contributions due to each vector Q i ͑i =1,2,3͒ of the triple CDW. As each vector Q i is rotated with respect to the other two by 2 /3 and 4 /3 ͑see Fig. 1͒ , if we define the contribution of each CDW wavevector to the NMR response along an arbitrary direction b , as T 1,i −1 ͑b ͒ = T 1 −1 ͑b + i ͒, with i =0,2 /3,4 /3 respectively for iϭ1,2,3, it is not difficult to very from Eq. ͑39͒ that
where is the angle that b makes with the normal direction to the SC planes. We notice that despite the broken rotational symmetry of the triple-CDW state, the total NMR response is rotationally invariaint in the planes and shows an anisotropic direction along the normal c-axis, as displayed in Fig. 10 
VI. TRANSPORT
In this section we calculate the optic and thermal conductivities of the SC phase in the clean limit. The transport calculation for a d-wave-order parameter with and without d-wave superconductivity has been done by Yang and Nayak. 41 Here, we shall repeat this calculation for a CDW gap with nodes coexisting with a s-wave SC order parameter. We ignore the effects of scattering centers such as impurities and disorder from the CDW fluctuations motivated by two facts: ͑1͒ the TMD are very clean materials and ͑2͒ the extremely low temperatures where the SC phase appears in 2H -TaSe 2 ͑T Շ 0.1 K͒, where conventional thermal disorder in the CDW phase should play no relevant role in the transport.
The thermal current is defined by j Q = j E − ͑ / e͒j, 39 where j E is the energy current, j is the electrical current, and is the chemical potential. Experimental measurements of the thermal conductivity require zero electric current flow in the sample, and we may assume that j Q = j E .The Kubo formulas for frequency-dependent thermal conductivity ͑͒ and the optical conductivity ͑͒, are:
is the thermoelectric conductivity ͑also known as thermopower͒ S =−⌬V / ⌬T, that measures the current voltage ⌬V produced by a temperature gradient ⌬T, and ⌸, ⌸ EE , and ⌸ E are, respectively, the electric, thermal, and thermoelectric current correlation functions, which we define in Appendix C. The second term in Eq. ͑40͒ guarantees the zero current flow condition to the charge carriers.
A. Optical conductivity
To incorporate the magnetic field into Hamiltonian ͑8͒, we proceed with the Peierls substitution k → k − ͑e / c͒ 3 A. We assume that the vector potential A͑k͒ is symmetric with respect to momentum inversion inside the nodal space. For this reason, we must use the 3 Pauli matrix, which operates in the usual Nambu space. Notice that a given Hamiltonian density for spin 1 2 fermions in the form ͚ f͑k͒ † ͑k͒ ͑k͒ is equivalently written in the Nambu space as
The associated matrix above is clearly 3 if f is a symmetric function in k and 0 if f is antisymmetric. As the Dirac fermions dispersion is antisymmetric in the cone, we should be especially careful with the usual Peierls substitution, since it introduces an even term ͑ϰ 3 A͒, which violates the odd symmetry of the zero-field dispersion dependence with k. For a given Hamiltonian in the general form 
Applying this procedure to the Hamiltonian ͑8͒, it is easy to see that the magnetic part of the Hamiltonian is
written in terms of 0 instead of 3 , as one could naively expect from the straight substitution k → k − ͑e / c͒ 3 A.
The current density operator j͑k͒ =−cٌ A H is given by j͑k͒ = ⌿ † ͑k͓͒v F e 0 3 ê Ќ + v ⌬ e 0 1 ê ʈ ͔⌿͑k͒.
͑45͒
The current-current density correlation function defined in Appendix C is given by:
where Ќ and ʈ are the normal and parallel directions to the Fermi surface for a given node ͑see Fig. 2͒ . Applying the Kubo formula ͑41͒ to the imaginary part of the correlation functions above, we find that the optical conductivity is separated into two parts: the Drude term
and an extra term due to the interband excitations of the Dirac fermions, 
In order to calculate the parallel component ʈ we just have to exchange v F and v ⌬ . For = 0, the interband conductivity is given by:
͑49͒
The conductivity ͑46͒ is considerably simpler in the normal CDW phase. Setting the gap ⌬ s to zero, we have 0 → / 2 and E 0,± → ͉͉͉ /2±͉, leading to
Analogously, the Drude part of the conductivity becomes
͉͉, for 0.
· ͑51͒
Notice that in the absence of SC we find that DC ͑T → 0͒ is constant and proportional to . In the SC case, Eq. ͑45͒ shows that DC ͑T → 0͒ vanishes independently of the pocket size ͑as shown in Fig. 11͒ . The presence of a Drude conductivity DC ϰ ␦͑͒, results from an infinite electron mean free path due to the absence of scattering centers. If we consider that the electrons in TaSe 2 have a finite scattering rate ⌫ =1/͑͒, 37 the Drude peak will be broadened around = 0. The normal transport in the presence of an order parameter with nodes ͑such as the CDW, in our case͒ in the dirty limit is given in Ref. 41 .
Photon absorption involves quasiparticle excitations and results in the formation of in-phase currents with the electric field. 42 The absorption rate is therefore proportional to the real part of the conductivity. In conventional superconductors, there is no absorption at T = 0 in the infrared region, where the photons with energy Ͻ 2⌬ s cannot break a Cooper pair. At finite temperature, the excitation channels are gradually recovered and photons with energy smaller than 2⌬ s have a finite probability of been absorbed. We should stress that the coherence factors in those superconductors ͑say, BCS type͒ are finite only in the dirty case, where the processes conserve energy but do not conserve momentum. The first important distinction of the traditional superconductors to the Dirac fermion ones is in the presence of two bands, resembling the spectrum of small gap semiconductors ͑see Fig. 3͒ . In the nodal liquid superconductor, made out of Cooper pairs of Dirac fermions, the clean limit absorption process comprehends the excitation of an electron from the lower to the upper band, transferring energy equal to the the photon energy but with no momentum transfer. In the situation where the lower band is completely filled ͑ =0͒, there are no thermal channels of quasiparticle excitations ͑since the thermally excited electrons occupy the upper band, where there is no absorption due to momentum conservation͒ and the photon is absorbed only when its energy is sufficient to break a pair ͉͉͑ Ͼ 2⌬ s ͒, producing quasiparticle excitations directly from the condensate ͑pair-breaking channels͒. When the system exhibits particle-hole symmetry, the clean limit absorption is totally independent of the temperature in the infrared, for Ͻ 2⌬ s .
The second important distinction is that the optical conductivity shows an anomalous absorption edge in =2 ͱ 2 + ⌬ s 2 ͑see Fig. 12͒ . This energy corresponds to the optical gap of the two bands shown in Fig. 3 . The presence of the edge is a consequence of the broken lattice inversion symmetry in the CDW distorted phase, which affects the coherence factors of the infrared conductivity ͑in our case, type I, similar to the charge interactions͒. When the particlehole symmetry is lost by shifting the chemical potential from the vertex of the Dirac cone, new thermal channels of quasiparticle excitations emerge, giving rise to an absorption peak in the infrared. To see this effect, we illustrate in Fig. 13 the thermal excitation process of the holelike branch, where photons with energies smaller than 2͉͉ are able to promote the thermally excited electrons occupying the empty states in the top of the lower band to the upper band. As in the case of superfluid He 3 , the superconductor is an electronic liquid composed of two "fluids," where there is a one-to-one correspondence between the excited states in the SC and in the normal phases. The thermal excitations promote electrons from the condensate to the empty states above the pocket Fermi surface of the holelike branch. The optical channels of absorption through the thermally excited electrons are therefore limited to the window ͉͉ ഛ 2͉͉ ͑in the clean limit͒, as shown in Figs. 12 ͑top͒ and 13 .
The temperature dependence of the optical conductivity, displayed in Fig. 12 ͑bottom͒, shows a clear distinction between the two absorption channels. The dashed lines represent the thermal channels, which vanish at T = 0. The dotted lines indicate the pair-breaking channels. These channels depend on the number of electrons in the condensate and are more effective as the temperature is reduced. The solid line in the same figure represents a pair-breaking channel which is abruptly suppressed by lowering the temperature. This is understood by noting that the optical gap 2 ͱ 2 + ⌬ s 2 ͑T͒ ͓see Fig. 12 ͑top͔͒ displaces the absorption edge towards the ultraviolet as the temperature is reduced. In this situation, we expect that some of the absorption channels at a given energy slightly to the right of the edge will be abruptly suppressed if the temperature is sufficiently reduced, i.e., if the edge is sufficiently displaced to the right in Fig. 12 ͑bottom͒.
Spectral weight
According to the f sum rule one should have
and therefore, the area "under" the curves DC + AC is conserved in the normal and in the SC phases. In the SC phase, however, there is a "missing" area in comparison to the normal phase. The difference between the two areas corresponds to the = 0 spectral weight, responsible for the diamagnetic supercurrents in the Meissner effect. 33 This part of the spectral weight ͑which properly defines a superconductor͒ depends on a different order of limits between and q, and does not appear explicitly in the calculation. Thus, a required condition for superconductivity is
From now on, we call the difference between the n and s areas the Meissner spectral weight. It is not difficult to see that for = 0 at zero temperature we have s DC = n DC = 0, and that the curves in the AC sector have exactly the same area. This behavior is depicted in Fig.  14 for different values of , showing an anomalous suppression of the Meissner spectral weight at low temperatures for small . A superficial analysis would indicate that there is no spectral weight due to the condensate and therefore the FIG. 13 . Schematic representation of the photon absorption process in the channel of thermal excitations of the condensate, within the absorption window ͉͉ Ͻ 2͉͉ of the holelike branch ͑see Fig. 3͒ .
is the photon frequency, T represents the thermal excitations, and indicates the Fermi level. superconductivity is not stable. This analysis, however, is incompatible with the thermodynamic verification that there is a finite zero-temperature critical field H c ͑0͒ ͑see Fig. 7͒ , resulting in a finite condensation energy.
The origin of the problem has connections with the spectral weight shift from the high-to the low-energy states of the band as the temperature is reduced, which has been observed experimentally in the crystal of TaSe 2 . 22 In this compound, part of the spectral weight around 60 meV ͑ϳ of the order of the cone cutoff͒ at 300 K is displaced towards the infrared at temperatures of the order of the SC phase transition. Apparently, the opening of the gap attracts states beyond the cone approximation. In lowest order, the nonlinear states in the CDW spectrum yield ⑀ k ϰ ͓k − ͑e / c͒A͔ 2 . These states are the only ones that contribute to the diamagnetism, which results from terms ϰA 2 in the energy. We conclude that the cone approximation excludes the "diamagnetic" states of the band, and for this reason the f-sum rule is not able to correctly incorporate the diamagnetic spectral weight, especially at low temperature, where the contribution of the high-energy states is more pronounced. The zero-field properties which are not directly related to the Meissner effect, however, are not so sensitive to the absence of the highenergy states and give satisfactory results within the cone approximation. This analysis is confirmed later in Sec. VII, when we discuss the Meissner effect in the London limit.
B. Thermal conductivity
The energy current is a conserved quantity defined by the nondiagonal components of the momentum-energy tensor T 0 i , defined as 43
According to the usual relation H = ͓‫ץ‬L / ‫ץ͑ץ‬ 0 ⌿͔͒‫ץ‬ 0 ⌿ − L, the Lagrangian associated to the Hamiltonian ͑8͒ in the real space representation is
where c‫ץ‬ 0 ϵ ic‫ץ‬ with as the imaginary time. The conserved energy current j E ͑x͒ = cT 0 i gives
where the time evolution of the Dirac fermions ⌿ is
with J defined in Eq. ͑8͒. We are interested in the diagonal components of the current-current polarizations ⌸ 11 EE ϵ ⌸ Ќ EE and ⌸ 11 E ϵ ⌸ Ќ E given by:
We find that
and
where 0 and E 0, are defined as in Eq. ͑47͒ In contrast to the thermal polarization, the thermoelectric one does not have a Drude part. The thermal conductivity follows from a straightforward substitution of the previous results ͑46͒, ͑55͒, and ͑56͒ into the Kubo formula ͑40͒. Let us analyze these results for = 0. We have
Replacing Eqs. ͑48͒ and ͑58͒ into Eq. ͑42͒, the = 0 thermopower yields
Substituting Eqs. ͑48͒, ͑57͒, and ͑59͒ into Eq. ͑40͒, we find that the only contribution comes from the Drude term
where AC = 0 for zero . When the system exhibits particlehole symmetry, the exact cancellation of the interband contributions to the thermal conductivity is due to the fact that the total heat carried by the particle-hole pair is zero. The argument is the following: 41 the interband excitation process involves the annihilation of an electron with negative energy in the lower band, and the creation of a particle with positive energy −E k + = +E k in the upper band, where is the photon energy and −E k is the energy of the annihilated electron. Destroying a particle with negative energy, momentum k and charge e is equivalent to create a hole with momentum −k and charge −e at the energy cost +E k . The energy current carried by the quasiparticle formed by the particle-hole pair is kE k + ͑−k͒͑E k ͒ = 0. On the other hand, the charge current is finite, ke + ͑−k͒͑−e͒ =2ek, explaining why the quasiparticles are able to transport charge but not heat when the pocket is absent.
When the particle-hole symmetry symmetry is lost, the thermal current due to the pair breaking channels is equal to E k, ͑k͒ + ͑E k,− ͒͑−k͒, or equivalently to 2k in the normal CDW phase, when the ground-state electrons are promoted to the upper band. As a second effect, the thermal channels of quasiparticle production give rise to an infrared peak for ͉͉ Ͻ 2͉͉ as shown in Fig. 15 ͑top͒, analogously to the optical conductivity. In contrast to the charge transport, however, the amount of heat carried by the quasiparticles is of the order of the pocket energy and vanishes at = 0. The temperature dependence of is shown in Fig. 15 ͑bottom͒. The solid lines represent the thermal channels of quasiparticle excitation, while the dotted lines indicate the pair breaking channels. As in the case of the optical conductivity, some of the latter channels which are slightly above the optical gap energy 0 =2 ͱ 2 + ⌬ s 2 are suppressed at low temperatures ͑see Fig. 15͒ . At T = 0 the thermal conductivity is zero for ͉͉ Ͻ 0 , and infinity for ͉͉ Ͼ 0 .
Let us verify the normal CDW properties ͑⌬ s =0͒ in the transport. The thermoelectric spectral function ͑56͒ is given by
Comparing the expression above with the optical conductivity of the normal phase ͑49͒, the thermoelectric coefficient yields
as in the SC particle-hole symmetric case ͑59͒. Returning to Eq. ͑55͒, and setting ⌬ s = 0, we have
The thermal conductivity therefore yields:
The verification of the Wiedmann-Franz ͑WF͒ law can be done in two cases. For = 0, despite the optical conductivity is dominated in the low temperature region by the interband conductivity 
VII. MEISSNER EFFECT
The nonlocal electrodynamic is described in the London limit where the vector potential function A͑k͒ → A 0 = const., under the assumption that the field variations are slow in comparison to the coherence length . In this limit, the current j and the vector potential obey the London equation
valid in the Coulomb gauge k · A = 0, where j c.m. is the current due to the momentum of the pair center-of-mass. For all purposes, we neglect this effect and consider only the response to the magnetic field.
To calculate the London kernel Q ij , instead of writing the current density operator ͑44͒, we propose a more general calculation, extending the CDW band beyond the cone approximation. As in Sec. II, we start from a CDW Hamiltonian written in terms of an extended band
where ⑀ k and ⌬ ck are any antisymmetric functions of k with respect to a given Fermi surface node.
Introducing the magnetic field through the modified Peierls substitution ͑43͒, the series expansion of ⑀͓k − ͑e / c͒ 3 A͔ in powers of A is separated into symmetric and antisymmetric terms in k,
up to second order in A, where ‫ץ‬ i ϵ ‫ץ‬ / ‫ץ‬k i defines the momentum derivatives and repeated indexes are to be summed. The same applies to ⌬ c ͓k − ͑e / c͒ 3 A͔. Using the abbreviation k ϵ k − ͑e / c͒ 3 A, the Hamiltonian of the CDW+ SC phase with an external magnetic field is 
We calculate the expectation value ͗j J ͘ up to first order in A ͑see details in Appendix E͒, and find that the London kernel reads
ͪͮ, ͑67͒
where E k
is the generalized dispersion in the extended CDW band. The nonlocal properties valid in the q → 0 limit do not depend on the details of the cutoff ⌳. For this reason, we are allowed to take ⌳ to infinity with no further consequences. However, the Green functions method leads to some spurious results in the ultraviolet if we do not take the Brillouin zone into account. To see this, consider the illustrative case of the normal CDW band Hamiltonian ͑65͒. After a suitable diagonalization into a particle-hole eigenstate basis with eigenvalues ±E k * = ± ͱ ⑀ k 2 + ⌬ ck 2 , we may write it into the form
The London kernel of this problem can be derived directly from Eq. ͑66͒ by setting ⌬ s = = 0, ignoring the ⌬ ck terms on it, and performing the substitution ⑀ k → E k * . It is immediate to see that in this case one has
resulting in a nonzero surface term for i = j, which diverges in the ultraviolet for any monotonically crescent E k * . The integrability of the results derived by this method depends on the introduction of states in the entire Brillouin zone. In particular, we have that ͗j i CDW ͘ =0 ͑as expected͒ by assuming that the surface term cancels in the Brillouin zone because of its periodicity. In order to fix the spurious divergences, we adopt an argument due to Lifshitz and Pitaevskii. 44 Considering that the kernel for ⌬ s = 0 is zero, since no supercurrents are induced by the magnetic field, there is no physical result in subtracting the normal phase kernel from the SC kernel
We may consider that the kernel above correctly incorporates the Brillouin zone effects, at least near the phase transition.
To analyze the spectral weight behavior due to the Meissner effect within the cone approximation ⑀ k ϳ v F k Ќ and ⌬ ck ϳ v ⌬ k ʈ , we calculate the London equation in two limits, near the normal-SC transition and at T = 0. Including the Brillouin zone ͓− / d , / d͔ in the normal direction to the planes, with d the interplane distance, from Eq. ͑66͒, we have
ͪ.
At T = 0, the kernel gives
confirming the anomalous behavior detected by the f-sum rule ͑51͒ in the optical conductivity. In the opposite limit, for T ϳ T c , the kernel in the strong coupling approximation ͑␤ c ͉͉ Ӷ 1͒ gives
in agreement with the mean-field result for the penetration
The dependence of the London kernel with and the temperature is shown in Fig. 16 . There is a clear suppression of the Meissner effect in the low-temperature region, especially when the density of states in the Fermi surface nodes is close to zero. As we discussed previously in Sec. VI, the opening of a SC gap in a nodal liquid possibly causes the spectral shift of high-energy states beyond the cone cutoff ␣ in the CDW band to the infrared. As we mentioned before, the spectral shift of the states below ␣ ͑ϳ60 meV͒ has actually been observed in the normal CDW phase of the TaSe 2 crystal. 22 More experimental studies are required to understand the SC phase properties in this crystal. 
VIII. DISCUSSIONS
In this paper we have studied the thermodynamic and transport properties of a model proposed originally in Ref. 24 for the coexistence of a gapless CDW phase and an s-wave superconductor in TMD. While the lattice inversion symmetry is broken in the CDW distorted phase, as observed experimentally by neutron diffraction, we propose a pairing ansatz which also violates the time-reversal symmetry. According to the ansatz, the pairing of the electrons is mediated by virtual acoustic phonons via a piezoelectric coupling, and the center-of-mass momentum of the pairs equals the CDW wave vectors connecting different sheets of the TMD Fermi surface. This additional broken symmetry has dramatic consequences on the spin-exchange interaction and produces an anisotropic NMR response along the normal direction to the triple-CDW plane. In contrast to TaSe 2 , the quasiparticles of NbSe 2 are well defined in the Fermi-liquid regime. The SC phase of NbSe 2 has been extensively studied and indicates that a conventional BCS description is warranted. [34] [35] [36] In contrast to the BCS theory, which is not critical, the gap equation ͑13͒ has a QCP in the critical coupling g = g c when the system exhibits particle-hole symmetry ͑ =0͒. When this symmetry is broken, the SC gap ⌬ s is strongly rescaled by as the coupling parameter is modified, and the QCP is suppressed. The scaling of the quantity ⌬ s / follows two different coupling regimes: ͑i͒ "Fermi-liquid" sector in weak coupling, for g Ͻ g c , where ⌬ s / flows to zero as g → 0 and ͑ii͒ strong-coupling marginal limit for g Ͼ g c , where ⌬ s / ͉͉ ӷ 1. The specific-heat jump is strongly attenuated in the particle-hole symmetric case ͑where ⌬C V / C n = 0.35͒, because of the low density of states at the Fermi energy. As expected, in the Fermi-liquid regime we recover the jump of the BCS model ⌬C V / C n = 1.43.
We have observed several anomalous properties in the transport. Unlike traditional one-band superconductors, the spectra for optical and thermal conductivities in the clean limit have an infrared peak due to the thermal channels of quasiparticle excitation. These channels involve thermal intraband excitations, promoting the electrons in the condensate to the empty states of the pocket, at the top of the lower band ͑see Fig. 13͒ . The absorption window for this channel is limited to the pocket energy 2͉͉. A second kind of absorption channel is due to interband excitations, when a pair is broken as a result of the absorption of a photon. In this case, the electron is excited to the upper band, across the optical gap barrier 0 =2 ͱ 2 + ⌬ s 2 . The later type depends on the number of electrons in the condensate and is more effective at T = 0, except for a few channels at a given frequency a which are abruptly suppressed by the temperature reduction ͑say, below T a ͒ because of the optical gap enlargement, that is a Ͻ 0 ͑T͒ for T Ͻ T a . The thermal channels on the contrary vanish at T = 0 with no exception.
The optical conductivity has an absorption edge at 0 . The coherence factors are affected by the broken lattice inversion symmetry in the CDW phase. The f-sum rule revels an anomalous suppression of the diamagnetic spectral weight, mainly for = 0. This behavior is an evidence that there are missing high-energy diamagnetic states in the SC phase, which would be attracted from the bottom to the top of the lower band by the opening of the SC gap in TaSe 2 . Close to the normal-SC phase transition, however, these states can be introduced by the same procedure that fixes the anomalous divergence of the London kernel in the ultraviolet, which is due to the absence of the Brillouin zone periodicity into the calculation. We have extended the calculation to a general CDW band where the loss of the crystal inversion symmetry is included by assumption.
In summary, we have presented a complete theory for s-wave superconductivity in nodal liquids. We have calculated the thermodynamics, various response functions, and transport properties of this system and have shown that these quantities deviate strongly from the same properties in ordinary BCS superconductors. We believe our theory can be applied to some TMD, such as 2H-TaSe 2 or 2H-TaS 2 , and our predictions can be checked experimentally. In the ͉͉ / ⌬ s Ӷ 1 limit we find: 
